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Noah Rahbek Bigum Hansen Exercises January 16, 2026

Lecture 1: Fourier Theory 29. August 2025

Problem 1.1

Consider the following periodic functions. Find possible values for the period, using the definition of periodic

functions.

a) f(x) = e0s*
b) f(x)=cos(x+ %)

¢ flx)= cos(%)

d) f(x)=cosx+cos(3x)
e) f(x)=cos(x)cos(3x)

f) f(x)=cosx+cos(0,6x)

Derivation

a) From the lecture (p. 1), we know that a function f is periodic, with period p, if
f@)=flx+p).

Using this definition we obtain:

Ccosx _ ,Ccos(x+p)

e e

cosx =cos(x+ p)

= p=2mn,4n,6m,....
b) We use the same definition of periodicity to obtain
b2 b1
cos(x+ —) = cos(x+p+ —)
3 3
= p=2n,47,67.

¢) Following the same procedure we get

3

Cos (B) = COS (% + 7[3—p)

- ?p =2n,4m,6m,...

Cos (%) = CO0S (M)

— p=6,12,18,....
d) We follow the same procedure and get

cosx +€os (3x) = cos (x + p) + cos (3(x + p))

cosx +cos(3x) = cos(x + p) + cos (3x+3p).

This holds if p is an integer multiple of 27 and 3p is an integer multiple of 27, i.e. p = 27,4m,6m7,...

e) Once again, we follow the procedure and obtain

cos(x) cos(3x) = cos(x + p) cos(3(x + p))

cos(x) cos(3x) = cos(x + p) cos(3x +3p).

Partial Differential Equations 20f72
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From the above, we see that p = 7,27,37z. This is due to the fact, that the two functions are multiplied,
hence cos(0) - cos(0) = cos() cos(37) =1

f) We follow the same procedure as in the previous subproblems and obtain
cos x +c0s(0,6x) = cos(x + p) +cos (0,6x +0,6p).

I.e. p must be an integer multiple of 27 and 0,6p must be an integer multiple of 27. Hence p =
10m,20m,30m,...

a) p=2m4n,bm,...
b) p=2n4n,6m,...
¢ p=6,12,18,...
RESULT
d) p=2n4n,6m,...
e) p=mn2n3m,...

f) p=10m,20m,30m7,...

Partial Differential Equations 30f72
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Problem 1.2

Let
f=x, -l=sx=<1, fx)=f(x+p), p=2.

a) Sketch f

b) Find a Fourier series representation of f.

Derivation

a) On Figure 0.1 the periodic repeating function f(x) is depicted.

/f/ -4 22 -2 -18  -16  -14/ -12 -10 -8 -6 -4 -2 2 4 8 10 14 16 1, 20 22 24,
-2

-10

Figure 0.1: Sketch of f.

b) From the lecture (p. 5), we have the general representation of a Fourier series as

f(x)=a0+§1(ancos(nzx)+bnsm(mLm))
for
1 rL
(lo:—f fx)dx
/ f(x)cos T)dx n=1,2,3,.
bnz%/_if(x)sin(%)dx n=12,3,.

In this case, L= £ => L=1. Therefore:

an—f xcos(nrx) dx

Partial Differential Equations 4 0f 72
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=0

1
bnzf xsin(nmxx) dx
-1
sin(rnx) B xcos(mnx) ]!

m2n? n .
_ xcos(nmx) 1
| n 1
[ cos (nm) cos (—nm)
_(_ mn +( mn ))

B (_ cos (nm) 3 cos(nﬂ))
- n n

2
=——cos(mn).
n

Hence, the complete Fourier representation is

fx) = ;;1 - cos (rn)sin (nmx).

a) See Figure 0.1

00 2 RESULT
b) f(x)= Z - cos(nn)sin (nmx).

n=1

Partial Differential Equations 50f72
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Problem 1.3

Leta#0and b #0. Let f(x) = f(x+ po) be a periodic function with period py. Is f(ax + b) periodic? If yes, find

a period. Give arguments for your answer.

Derivation

We let f(x) = f(x+ p) denote the function given in the assignment and g(x) = f(ax + b) be the function which
we wish to determine is periodic or not. To determine of g(x) is periodic we must determine if g(x) = g(x+ p)
holds. We get:

gx+p)=gkx)
=flalx+p)+Db)
= f(ax+ b+ ap).

Comparing this with the original function f we see that it repeats when ap = py. Since a # 0 we can divide by a

and obtain
_Po
p= a
The function is periodic with period p = Po RESULT
a

Partial Differential Equations 60f72
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Problem 1.4

Calculate the left-hand limit and the right hand limit of

| x|

f(x)=7

atx=0.

Derivation

From the lecture (p. 2), we know that the left hand limit of f(x) at xo is defined as
flxo-) = }lii%f(xo -h)

and the right hand limit of f(x) at x is
fGro+) = lim f(xo + h)

for positive h.

Using these two definitions we get:

f©-)=1lim f©~h)

fO+) = }llil%)f(0+h)

= lim @
h—0 h

=1

f0-)=-1
fO+) =1.

Partial Differential Equations

RESULT

7 0f72
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Problem 1.5

Calculate the left-hand derivative and the right-hand derivative of
[ (%) = xIx|

atx=0.

Derivation
From the lecture (p. 4) the definition of the left hand derivative of f(x) at xp is defined as

. flxo) - flxo—h)
f'(xo—)=}1%f 0 {l‘ 0
and the right hand derivative of f(x) at xo is defined as

f(xo + h) — f(xo)

flxo+) = }Li_% A

for positive h.

Using these definitions we get:

fO-f=h
h
—(=hl=h)

o=

=lim
h—0

=lim hih|

T h=0 h

= lim |h|
h—0
=0
. (0+h)— f(0)
"0+) =1 f—
fon=fim =
. hlh|
=lim —
h—0
= lim | h|
h—0

=0.

f'o-)=0
f'o+)=0.

Partial Differential Equations

RESULT
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Lecture 2: Even and odd functions 5. September 2025

Problem 2.1

Find a period and the corresponding Fourier coefficients of

a)
b)

c)

)= sin(3)sin (%) + cos (3)sin (%)
f(x)=sin(\/_ +Cco (\/E)
fx) =sin (% +32%).

Hint: You may want to use

sin(a + B) = sina cos  +sin fcos a.

Derivation

a)

b)

c)

We start by rewriting the given function as

fo =i in 57 con (5 )sin 357)

Now, comparing with the general form of a Fourier series:

fx)=ap +§1(an cos(nzx) + bnsm(mzx))

We see that L = 147, p = 287, bg = cos(n/5) and b7 = sin(ir/4). All other Fourier coefficients are 0.

We rewrite as:

f(x)—sm(\/_ﬂ) 0s %)

By comparison with the general form we see that L = V2, p= 2v21, by =1, and a; = 1. All other Fourier
coefficients are 0.
We use the hint to rewrite as
. (m 3nx
x)=sin|—+—
F ( i )

= sin(g) cos (?)]TTX) + cos(g) sin (STTX)

By comparison, we see that L =4, p =8, as = sin(7/3), and b3 = cos(n/3). All other Fourier coefficients are

Zero

T (T
a) p=28m, bezcos(g), b7=sm(z),
b) p= 2V2m, a =1, by =1, RESULT

c p=§, (1325111(%), ngCOS(%).

Partial Differential Equations 90of 72
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Problem 2.2

Are the following functions even or odd? Give arguments.

a) f(x) = (cos(x?)+cos(x))sin(x)
b) f(x) — 1+cosx

2+cos(x?)
& fi= Ay
d) fx) =x|x|.
Derivation

From the lecture (p. 3), we know that a function f is even if
fx)=f(-x) forall x
and that a function f is odd if
fx)=-=f(-x) forall x.

We will therefore try to insert —x in the place of x and see if that causes a change of sign for each of the given
functions.

We will however, instead utilize the simple fact that multiplication of functions follow the same rules for even/odd
as multiplication of numbers. Furthermore, we know that x is odd, cos is even, sin is odd and | x| is even. In the
following, odd functions are called O and even functions are called E.

a) Using the method described above we get:

f(x) = (cos (x- x) + cos(x)) sin(x)
= cos(x- x)sinx + cos(x) sin(x)

=E0-0)-O+E-O

=E-O+E-O
=0+0
=0.
b) Again,
1+cosx
f = 2+ cos(x-x)
_E+E
" E+E
_E
" E
=E.
c) Again,
1+sinx
= e
_ E+O
 E+O(E)
_E+O
~ E+E

Partial Differential Equations 10 of 72
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_E+O

E
E O
= — 4+ —
E E

=E+0O0.

As the sum of an even and an odd function is neither even nor odd if none of the functions are 0. Hence
the function in question is neither even nor odd.

d) Lastly,

fx)=x-]x|
=0-E
=0.

a) 0Odd,

b) Even,

RESULT
c) Neither even nor odd,

d) 0Odd.

Partial Differential Equations 11 0f72
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Problem 2.3

Consider the periodic function

X, —-2<x<-1
fX)=Xx+k -1<x<l1

X, l<x<2

fX)=fx+p),p=4

where k is a constant. Decompose f(x) into its even and odd part.

Derivation

For -2 <x < -1we get
1
fi@==(f@+f(-x0)= St (=x)=0

L) =

N[ =D~

1
(f) - f(=x)= Sw— (0 =x.

For -1 <x <1 we get

1 1
jﬂmz5(ﬂm+fpwn=§u+k+pm+kn=k

1 1
f=3 (f-f-x)= 5k =(x+ k) =x.

And for 1 < x < 2 we get
A= % (f)+ f(=x) = %(x+ (=x)=0
L= % (fx) - f(=x)= %(x— (=x)) = x.
We thus have the decomposed function f(x)

fx) =fil)+ folx)

with
0, -2<x<-1
X =4k -1<x<l1
0, lI<x<2.
h)=filx+p), p=4
and

Lx)=x, -2<x<2

L@ =flx+p), p=4

Partial Differential Equations

12 of 72
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fFX) = filx) + fo(x)
0, -2<x<-1
=4k -1<x<l1
0, I<x<2. RESULT
L) =filx+p), p=4
Lx)=x, -2<x<2

LX) =flx+p), p=4

Partial Differential Equations 13 of 72
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Problem 2.4

Consider the periodic function

x, 0<x<m

0, -1<x<0
f(x):{2

fX)=fx+p),p=2m.

Decompose f(x) into its even and odd part and find its Fourier series.

Hint: You may want to use examples from the lecture.

Derivation

For —m < x <0 we get
1 1
fily) = > (f)+f(=x) = 5 (0+(=2x) =—x

1 1
fr(x) = > (f)-f(=x)= 50— (=2x) =x.

For 0 < x <7 we get

1
i) ==

(f0) + f(=x)
(fO-f=x)= % 2x-(0) = x.

%(2x+(0))=x

N =N

L&) =
Therefore
i) =|x|,-T<x<m.

From the lecture (p. 7) the Fourier cosine series of this is

o0

T 2
filx) = >t n;l —7 (cos(nm) — 1) cos(nx).

Also
fLx)=x,—n<x<m.

Which has the Fourier sine series (p. 6)
X 2
L&)=Y (D" Zsin(nx).
n=1 n

Combining these two Fourier series we get the complete Fourier series:

fx)= g + Z % (cos(nm —1))cos(nx) + (—1)’“rl %sin(nx) .
n=1
i) =Ix|, —-m<x<nm

Lx)=x,—n<x<m

flx) = g + HZ::l ﬁ (cos(nm — 1)) cos(nx) + (=1)**! %sin(nx) )

Partial Differential Equations

RESULT

14 of 72
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Problem 2.5

Decompose
f(x) — eix
into its even and odd part.

Hint; you may want to use the representation of f(x) in terms of cos x and sin x.

Derivation
We rewrite the function as
f(x) = e'* =cosx+isinx.
Now, to decompose we follow the same procedure as above:
1
i) = > (fx)+ f(=x)
1
= ) (cosx+isinx+ cos(—x) + isin(—x)
1
= 3 (cosx+isinx+cosx—isin(x))
=CoSX
1
folx) = > (f) - f(=x)
1
= 3 (cosx+isinx—cos(—x)—isin(—x))
1
= 3 (cosx +isinx—cosx+isinx)

=isinx.

fi(x) =cosx R
ESULT
fo(x) =isinx.

Partial Differential Equations 150f72



Noah Rahbek Bigum Hansen Exercises January 16, 2026

Lecture 3: Fourier Series 12. September 2025

Problem 3.1
Consider the function f(x) = cosx,0 < x < 7.

a) Sketch the expansion of f and the corresponding Fourier series.

b) Sketch the even expansion of f and find the corresponding Fourier cosine series.

c) Sketch the odd expansion of f and find the corresponding Fourier cosine series.

d) Calculate the error Ep of the expansion and the odd expansion for N = 1,2,3. What can be said about the

quality of the approximations for these two expansions=

Hint: In some cases the expansion can be an even/odd function.

Hint: Form,neN,m # n,L > 0:

b/

2 i 2n
f cosxsin2nx)dx=-———
0 1-4n2
chos ( mnx) sin(ﬂ) dx = n—L (cos(nm)cos(mm) —1)
o L L o (m?-n?)

f(fcos (H_Lx) sin(n—Lx) dx=0.

Derivation

a) The expansion of f is depicted on Figure 0.2. Based on the figure the expansion looks to generate an odd

Figure 0.2: Expansion of f.

function. We check that this is the case using the definition of odd functions (Lec. 2, p. 3):
f(x)=—f(-x), forall x.
For —m/2 < x < 0 inputting —x in the place of x gives:

f(x)=—-cosx
f(=x) = —cos(—x)
f(=x) =cosx

f=x) =-f(0).

Partial Differential Equations 16 of 72
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And for 0 < x < /2 we get

f(x) =cosx
f(=x) =cos(—x)
f(=x)=—-cosx

f=x)==f(x).

Hence, the expansion of f is odd and the corresponding Fourier series will therefore be a Fourier sine

series. The period is p =m = L= /2. From Lecture 2 (p. 5) the Fourier sine series is defined as
s . (nuXx
flx) = nZ:’l by, sin (T)
for

2 (L . (n7X
b, = Zfo f(x)sm(T) dx.

We start by determining the Fourier coefficients b, as

4
b=~
T

° N

. (2nmx
cos xsin dx
T

4 (% )
= —f cos(x)sin(2nx) dx
T Jo

_ 8n
T (4n2-1)
Hence,
=Y ——sin@ny).
fx) nZ:,l r(anz=1) sin (2nx)

b) The even expansion of f is depicted on Figure 0.3. The even expansion of cos x,0 < x < 7 is simply cos x

Figure 0.3: Even expansion of f.

and the Fourier series can therefore be found by comparison:

f(x) =cosx
fx)=ap+ Z ancos(%)

n=1

- Cl():O ap; =1.

¢) The odd expansion of f is depicted on Figure 0.4. Per definition, the odd expansion results in an odd
function. Therefore, we must find a Fourier sine series. From Lecture 2 (p. 5) this is defined as

flx) = gl bnsin(%)

Partial Differential Equations 17 of 72
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7 6 5 4 3 2 a1 0 1 \x 4 5 6 7
>t

Figure 0.4: Odd expansion of f.

for
2 L . (nax
b, = Zfo fx) sm(T) dx.

We start by determining the Fourier coefficients b, as:

2 (" . (NTX
bn = ;[) f(x) SIH(T)
2 /1
= —f cosxsin(nx)dx
T Jo

2n
= m (cos(nm)cos(m) —1).
From the hints we know that this is 0 for n = 1, hence:
X 2n

fl) = 2 bnsin(nzx) =y

s (n?-1)

(1 -cos(nm))sin(nx).

d) From the lecture (p. 5), the error Ey is defined as
L N

Ey= f 2x) dx—L(zag +Y (a4 +D2)|.

-L n=1

For the expansion we get

7w 32% n

2 w0 (an2-1)°

T 1
Elz———'—=0,439

2 w9

T 32 (1 4
E=——-—-|-+-—]=0,2579448851

2 7 \9 152

T 32 (1 4 9
EE=——-—:|-+—+—]=0,1831095813.

2 m \9 152 352

And for the odd expansion we get:

o _[* > N 2n z
Ey :f cos”(x)dx—m| Y (m(1+cos(nn)))

- n=2

N 2
=n-7 ( > Ll)z 1+ COS(ﬂn))z)

n=2 1% (n? -

Partial Differential Equations
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=1- é (i n—z 1 +cos(7m))2)
T \n=2 (n2 - 1)2

4
E9=ng——=-0=n
7

) 4 4
E;"=m——-10+--4/=0,8780556852
7 9
© 4 16 9
E“=n-—-10+—+—-0[/=0,8780556852.
b4 9 64
All in all, the expansion seems to work better than the odd expansion even when taking into account the

difference in interval lengths.

o 8n .
a) f(x)= n;l m sin(2nx)
b) f(x)=cosx RESULT

o fx)= n;z % (1 - cos(nm))sin(nx).

Partial Differential Equations 19 of 72
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Problem 3.2
Find the Fourier integral representation of

1, -l<x<l1
-1, 1<x<2
fx) = .
-1, —2<x<-1

0, otherwise

Derivation

From the lecture (p. 8) the Fourier integral is represented as

fx) :f (A(w) cos(wx) + B(w) sin(wx)) dw
0

with

Alw) = %f f(x) cos(wx)dw

—00

B(w) = %f f(x)sin(wx) dw.

We determine the Fourier coefficients as:

-1 1 2
Alw) = % (f —1-cos(wx)dw +/ 1-cos(wx)dw +f —1-cos(wx) dw)
-2 -1 1

2

1 -1
= l (f cos(wx)dw —f cos(wx)dw —f cos(wx) dw)
T \J-1 -2 1

_ 4sinw — 2sin(2w)
- w

1 -1 2
B(w) = l (f sin(wx) dw —f sin(wx) dw —f sin(wx) dw)
7w \J-1 2 1
=0.

Hence, the Fourier integral representation is:

X 4sinw — 2sin(2w)
fl) = ————————cos(wx)dw RESULT
0 w

Partial Differential Equations 20 0f 72
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Problem 3.3

Find the Fourier integral representation of

-1, -2<x<0
f)=41, 0<x<2

0, otherwise

Derivation

Here, we follow the same procedure as above:

2 0
Alw) = % (f cos(wx) dw—f cos(wx) dw)
0

-2
=0

1 2 0
B(w) = p (f sin (wx) dw —f sin (wx) dw)
0

1 4sin?(w)

=

_ 4sin?(w)

7
Hence, the Fourier integral representation is:

o) 102
fx) = f M sin(wx) dw RESULT
0 wit

Partial Differential Equations 21 of 72



Noah Rahbek Bigum Hansen Exercises January 16, 2026

Problem 3.4

Consider the periodic rectangular wave and its Fourier series as discussed in Lecture 1. Calculate the error of the
N-th approximation for N =1,2,3.

Derivation

From Lecture 1 pp. 5-6 the periodic rectangular wave is given by

-k, —-m<x<0
fx)=

k, O<x<m.
fx)=f(x+2n), p=2L=2m.
And its Fourier coefficients are

ag = 0
a,=0

2k
b, = — (1-cos(nn)).

nmn

From Problem 3.1 the error Ey is defined as

L N
Esz fz(x)dx—L(2a§+ Y (ai+bi)).
—L n

=1

Which corresponds to:

n N2k 2
EN:f kK*dx—m Z(—(l—cos(nn))
- n=1\n1w
N 4k2

_ 2 2
=2nk —n(nzz:lm(l—COS(nﬂ)) )
o2 ML 2
=27k . nZ::l 2 (1 - cos(nn))

4k
Ey =27ak?— — . 4=1,19k%
T
B, = B

4k? 4
Ey=2mk?— —. (4 + 5) =0,6243428861k>.
T

E; = 1,19k
E, =E; RESULT
E;3 = 0,642k>.

Partial Differential Equations 22 0f 72
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Lecture 4: Fourier sine and cosine transformations

Problem 4.1

Represent f(x), 0 < x < oo, defined as
cosx, O<x<m

fx)=

0, X>T.

as a Fourier sine integral. Hint:
w (1 + cos(wm))

/A
f cosxsin(wx) dx = 5
0 w-—1

19. September 2025

Derivation

From the Lecture p. 1 the Fourier sine integral is defined as
(e 9]
fx) = f B(w) sin(wx) dw
0

with

2 (9]

B(w) = —f f(x)sin(wx) dx.

T Jo

Plugging in the f(x) from the problem we get

2 T
B(w) = —f cosxsinw(x)dx
T Jo

_ 2w (1 + cos(wm))
7 (w?-1)

Hence,

f(x) :f wsin(wx)dw
0 m(w?*-1)

Partial Differential Equations

RESULT

23 0f 72
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Problem 4.2

Represent f(x), 0 < x < oo, defined as

sinx, 0<x<m
fx) =

0, X>T7

as a Fourier cosine integral. Hint:
T 1+ cos (wm)
sinxcos (wx) dx = —_—
0 l-w

Derivation

The Fourier cosine integral is in the Lecture p. 1 given as
fx) = f A(w) cos(wx) dw
0

with

2 o0

Alw) = — f f(x) cos(wx)dx.

T Jo

As was the case for problem 4.1 we find A(w) as

2 m
Alw) = —f sinxcos(wx)dx
T Jo

_ 2 (1 + cos(wm))
- a(1-0?)

Thus,

f(x) =f 2(H—C—OS(MT))cos(wx)da) RESULT
o w(l1-w?)

Partial Differential Equations 24 of 72
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Problem 4.3
Find the Fourier cosine transform of f(x),0 < x < oo, defined as

1, O<x<l1
fxX)=<-1 1<x<2.

0, x>2

Derivation

From the Lecture (p. 4) the Fourier cosine transform is given as

fc(a)) = \/Zf f(x) cos(wx) dx.
T Jo

2 1 2
Alw) =1/ = (f cos(wx) dx—f cos(wx) dx)
T \Jo 1

2 2sin(w) —sin(2w)

V2 w

We find A(w) as

Hence,

£l = g 2sinw —sin(2w) cos(@x)
b4 w

Partial Differential Equations

RESULT

250f 72
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Problem 4.4

Find the Fourier transform of
el 1<x<l1

fx) =

0, otherwise.

Derivation

From the Lecture (p. 7) the Fourier transform is defined as

fl) = \/%_n f_ N fxe “*dx.

By insertion we get:

sz —m)x
\/ -1
1
1(2 w)xdx
—\/_
1(2 w)X
- Vor liRQ—w)x | _
1 el(Z w)_e—t(z )
Ven i2-w) )
1 (cos(z—w)+isin(2—w)—cos(w—2)—isin(w—Z)
N3 i(2-w)
1 2isin(2 —w)
V2r i2-w)
_ 1 2sin(2-w)
V2 2-w
1 2sin(2 —w)
f(w) —_—
\/271 2-w

Partial Differential Equations

RESULT
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Problem 4.5

Use the formulae of the Fourier transform, Fourier cosine transform and Fourier sine transform for first and
second derivatives from the Lecture to derive the corresponding formulae for third derivatives, i.e. for

gc (f///) ,gs (f!/!) ,g (f!//) .

Derivation

From the Lecture (pp. 5 & 8) the first and second derivatives of each of the Fourier transforms are:

2 2
Fco(fh) = wFs(f) - ﬁ f(0) Fe(f") = —w* Fc(f) - J; 1)
2
Fs(f) =-0Fc(f) Fs(f') = -’ Fs(f) + \/;w £(0)
F(f) = i0F (f) F(f") = - F ().

Starting with the Fourier cosine transform, we will simply apply the first derivative to the second derivative as:

g;c(f///) — gc(f//)/

" _ g "
=wFs(f") \/nf (0)
_ 2 E _ E 1"
—w( w gs(f)+\/nwf(0)) \/nf 0)
__ .3 E 2 _ E "
=-w ﬂs(f)+\/nw f(0) \/nf (0).

Now we follow the same procedure for the Fourier sine and Fourier transforms as

gs(f’”) — gs(f”),
=-wZc(f")

=—w (—wzgrc(f) - \/gf’(O))

=’ Fc(f) + \/gwf’(o)
g(f!/l) :g(f/l)l

=inF(f")

=io(-0*Z(f))

=—i03ZF(f).

2 2
Fc(f") =~ Fs(f) + \sz f0) - \/;f”((n

Fs(f") = > Fc(f) + \@ wf'(0)
F(f") = -i* Z(f).

RESULT
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Problem 4.6
Let
R 1, O0<w<1
fsw) = )
0, otherwise
Find f(x).
Derivation

From the Lecture (p. 5) the inverse Fourier sine transform is given as:

. 2 [
F: (fs(w) = f(x) = \/;fo fs(w) sin(wx) dw.

We substitute the fs (w) given in the assignment into the above expression to get f(x) as

2 1
f)=4/ —f sin(wx) dw
T Jo

/2 1—cos(x)
"V X '
21—-cosx
fx) =/ ——— RESULT
b4 X
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Problem 4.7
Let
R 1, -l<wx<l
flw= .
0, otherwise
Find f(x).
Derivation

From the Lecture (p. 7) the inverse Fourier transform is given as:
F ' H=fw= L f - fwe* do
\Y4 27 J—o0

Following the same logic as in the above problem we get

1 L
(x):—f e'“*dw
! VamJ-1
1 eiwx w=1
CV2m L ix e
1 eix_e—ix
T Ven  ix
1 cos(x) + isin(x) — cos(—x) — i sin(—x)
V2on ix
1 2sin(x)
V2on x
fx) 1 2sinx RESULT
X)=—
Vvamr X
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Problem 4.8

Consider the ODE
@+ fx)=rx)

where
1, O0<x<l1
rx)=4-1, 1<x<2
0, x>2
and assume that we have the boundary condition f’(0) = 0. Apply the Fourier cosine transform to both sides of

the ODE to derive the corresponding equation for fC (w). Find fc (w).

Hint: You may want to use the solution of Problem 4.3.

Derivation

We apply the Fourier cosine transform to both sides of the ODE as:
Fc(f"'+ ) =Fcr) = Fclf") +Fc(f) = Fen).

Which corresponds to

—wzfc @+ fC @) = \/gz sinw — sin(2w)

w
A 2 2sinw —sin(2w)
Jelw) = \/; w(l-w?)
N 2 2sinw —sin(2w)
felw)= \/;W RESULT
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Lecture 5: Partial Differential Equations 26. September 2025

Problem 5.1

Write down the general expression for a linear first order PDE for u(x, y, t).

Derivation

From the Lecture (p. 1) the general expression for a linear first order PDE for u(x, y) is

ou(x,t) s, t)@u((;;, 1) P

Extending this pattern we can write the general expression for a linear first order ODE for u(x, y, t) as

ap(x, 1) +ay(x, Dulx, 1)+ ax(x, 1)

ao(x,y, )+ ar(x, y, Du(x, y, 1) + az(x, y, Dux(x, y, ) + az(x, y, Ouy (X, y, 1) + ag(x, y, ue(x,y,1) =0|  RESULT
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Problem 5.2

Write down the general expression for a linear second order PDE for u(x, y). You may assume that u(x, y) is twice
continuously differentiable.

Derivation

Extending the logic from the previous answer, the general expression for a linear second order PDE for u(x, y) is:

aop(x, y) + a1 (x, Y)u(x, y) + az(x, y) ux(x, y) + as(x, y) uy (x, y)
RESULT

+ as(x, Y uxx (X, ¥) + as(x, YUy y (X, ) + as(x, Y) Uy y(x, ) =0
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Problem 5.3

Consider the general homogeneous first order PDE for u(x, t) with solutions u; (x, t) and u,(x, £). Show that
u(x, t) = crup(x, t) + coup(x, t) is also a solution for arbitrary constants ¢; and c,.

Derivation
From the Lecture (p. 2) the general homogeneous first order PDE for u(x, t) is
ai(x, Dulx, 1) + az(x, Dux(x, 1) + az(x, Hu(x, 1) = 0.

We will see if this holds for arbitrary constants ¢; and ¢, as

ociuy + cop ociuy + cop
ay(cruy + coup) + ay + a

ox NFY
601u1 662112 061111 602112
=aiciu+ajcruy + a +a + a
16141 162U2 2 ox 2 ox 3 ot 3 ot
+ 6u1 + 6u1)+ ( + 6M2 + aug
=C1|la1u ay——+as—— Cola1u ay——+dy——
1{d1U1 26x 3 ot 2| U1 U2 Zax 2 ot
=¢1(0)+¢2(0)
=0.

Hence u(x, t) = ciu1 (x, t) + coup (x, t) is also a solution of the general homogeneous first order PDE for u(x, ).
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Problem 5.4
Find the solution of the one-dimensional wave equation
Ut (X, 1) = Uy (x, 1), 0=x<1

subject to the boundary conditions
u(0,)=u(l,t)=0, forallt

and the initial condition

u(x,0) = kgsin(37x), wu:(x,00=0, 0<x<1,

where ky is a constant. You may start your calculations directly from the general solution given in the Lecture.

Derivation

From the Lecture (p. 8) the general solution to the one-dimensional wave equation is

u(x,t)= Y (Bncos(An0) + B sin(A,1))sin(nnx) A= nm.

n=1
From the initial elongation (p. 9) we get

o0
u(x,0) = B, sin (nmx)
n=1

= kosin (37 x)

= B3 =ky.
And all other coefficients B;, are zero.

From the initial velocity (p. 10) we get

o0
ur(x,00= Y ByAysin(nmx)=0
n=1

= B, =0forall n.

Hence, the particular solution is

u(x, t) = kg cos(37t) sin(3mx) RESULT
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Problem 5.5
Find the solution of the one-dimensional wave equation
Ut[(x, t) = uxx(x, f),O <x=< 1

subject to the boundary conditions
u(0,)=u(l,t)=0, forallt

and the initial condition
u(x,0) = kgsin(37x), u:(x,0) =3mwkysin(37nx),0<x<1,

where ky is a constant. You may start your calculation directly from the general solution given in the Lecture.

Derivation

As the equation, solution and initial elongation are the same as for Problem 5.4 we know that B3 = ky. We
therefore start with the initial velocity (which differs in this case). We get

o0
u;(x,0) = ) By Apsin(nmx)
n=1

= 3mkosin (37x)

— B; = ko.

And all other coefficients B;, = 0. Hence,

u(x, t) = ko sin(3mwx)(cos(3xt) +sin(3xt)) RESULT
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Lecture 6: Heat equation 3. Oktober 2025

Problem 6.1
Consider the one-dimensional heat equation
Ur(X, 1) = Uy (x,1),0<x<1

with boundary conditions
u0,t)=u(l,t)=0

for all . Suppose you have the initial temperature profiles
u(x,0) =sin(mx)

and the approximation (reflecting the situation where you do not know all details of the initial temperature
profile)
upn(x,0) =sin(mx) + sin(Nmx)

where N is an integer number. Let u(x, f) and uy (x, £) be the corresponding solutions to the above heat equation.
Find the integrated squared error between these solutions (integration with respect to 0 < x < 1) as a function of
time.

Derivation

From the Lecture (p. 4) we have that

o nmx
ux, 0=y Bne_’lgltsin(—)
n=1 L
with
cmn 2 L . (nax
An= I B, = Zfo f(x)sm(T) dx.

Since the PDE is u;(x, t) = txc(X, 1), c> = 1. Also, L=1.
For our initial temperature profile our Fourier sine transform is simply sin with B; =1 and all other B,, = 0. Thus
() 12
u(x,t)= ) Bue "n'sin(nmx)
n=1

_22¢ .
=e ’lltsm(nx).

The second initial temperature profile we a Fourier sine transform of sin with B; =1, By = 1 and all other B,, =0.

Hence

A A

2 2
u(x, t) = e Msin(rx) + e "N sin(Nwx).

The integrated square error is defined as

L
En =f (u(x, £) — un(x, )% dx.
0
Hence

1 2
En :f (e_l%tsin(nx) —e Misin(rx) - e_lgvtsin(Nnx)) dx
0
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1
= ef’liltf sin®(N7x) dx
0

2

— e_A%V[ (l —

sin(2N) )
AanN )’
By = oMt (1 B SIH(ZT[N))
2 4n N

RESULT
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Problem 6.2
Consider the one-dimensional heat equation
Ur(x, ) = Uy (x,1),0sx<L

with boundary conditions
ux(oy t) = ux(L; t) = 0

for all ¢ and initial condition
us(x,0)=h(x),0<x<1L.

Find the general solution for this situation.

Derivation

From the Lecture (p. 7) the general solution that fulfills the boundary conditions is
()
u(x,t)=By+ Z Bne cos(nnx).
n=1 L

The time derivative of the above is

e 92 nnx
ur(x,t) = Z (—AiBn)e A"tcos(T).
n=1

Evaluating at ¢ = 0 gives

ut(x,()):z (-1A%4B,) cos(nL ) h(x).

Now we have a Fourier cosine series for i(x). Comparing this with the general representation:

u(x,0) = f(x) = BO+ZB cos(mLm).

We see that f(x) = h(x) when By =0 and B), = -A2B,
The general formula for B;, is (p. 7)
2 L
= Zfo h(x) cos(?) dx

Inserting our expression for B;, and solving for B, we get

X

_A%B, = Eth(x) cos(n%)

B,=- )LZLf h(x)cos )

Which corresponds to the solution

u(x,t) =By + i ( AZL_[ h(x) cos(nL )dx) Cos(nzx)

n=1

Partial Differential Equations

RESULT
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Problem 6.3

Consider the PDE
U (X, 1) = Uge(x,1),0< x < 1.

(a) Find the general solution that fulfils the conditions
Ux(0,8) = ux(1,1) =0

for all t.
(b) Find the general solution that fulfils the conditions

ux(o; t) = ux(l, t) = 0

for all t and
u(x,0) =1+ cos(3mx)

for0=x<1.

Derivation

a) We use the method of separation of variables.
u(x, 1) = F(x)G(1).

and get

F"(x) ~ G,l(t) .
F(x) G(1)

We are therefore left with two ODE’s, one for each of the unknown functions.

F"(x)G(t) = F(x)G" (1) =

F'(x)-F(x)k=0
G'H-Gk=0

with the boundary conditions

F(0)G(=0 = F'(0)=0
F' (LG =0 = F'(1)=0.

We start by assuming k = 0 (p. 3). For this case the spatial ODE is
F'(x)=0 = F(x)= Ax+B

with some constants A and B.
Our boundary conditions are on u:

ux(x, 1) = F (x)G(1)

SO

Ux(0,5)=0

I

uy(1,1=0

I

Partial Differential Equations

F(0)G(H)=0
F'(1)G(t) =0.
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Here we want a non-trivial solution, i.e. G(¢t) # 0. This forces
F=0 F@=0

but since F'(x) = A these conditions just give A = 0. Therefore F(x) = B (constant). We choose B =1 and
get the interesting case F(0) = 1.

If we instead assume k > 0 (ibid.) we then get
Fex(x) = kF(x) = F(x) = Ae¥* + BeVEx
for some constants A and B. To apply the boundary conditions we take the derivative of this and get
F'(x) = AVkeV® — BVke V.

We now apply the boundary conditions as

F'(0)=0
AVEk-BVEk=0
— A=B
— AVkeV* - BVke VR = A\/E(e‘/Ex - e_‘/Ex)
F'(1)=0
— A=0=8B.

Hence, we only get the uninteresting case F(x) = 0 for k > 0.
For k <0 (p. 6) we assume p = vV —k and get

Frx(x)+ sz(x) =0 = F(x) = Acos(px) + Bsin(px)
for some constants A and B. We take the derivative of this to get
F'(x) = —Apsin(px) + Bp cos(px).

Applying the boundary conditions we get

F'0)=0
Bpcosp=0
— B=0
F1)=0
—Apsin(p) =0

= p=pp=nn, n=1273,....
We choose A =1 and for each n=0,1,2,3,... the solution becomes (p. 7)
Fu(x)=cos(nnx), n=0,1,2,3,....

We therefore have the two interesting cases Fy(x) = 1 and F,, = cos(nmrx).
For the temporal equation we start assuming k = 0 as an interesting case was found here. We get

G'H=0
G'(t)=B;
Go(t) = By +Bék t.

For k < 0, where the other interesting case was found we get

G'H)-kG()=0
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G'(t)-(-p2) G =0
Gn(t) = By cos(nnt) + By, sin(nnt).

We therefore have the two fundamental solutions

up(x, 1) = Go(t)Fo(x) = By + By ¢t

Un(x, 1) = Gp()Fp(x) = (Bpcos(nnt) + By, sin(nn t)) cos(nmwx)

Which gives the general solution

o0 o0
u(x,t) = uo(x,0)+ Y un(x,t)=Bo+Byt+ Y (Bncos(nut)+ B} sin(nnt))cos(nnx).
n=1 n=1

b) Here, we have the additional condition that u(x,0) = 1+ cos(37x) for 0 < x < 1. Writing this as a Fourier
cosine series
o0
u(x,0) =By + Z By cos(nmx) =1+ cos(3mx).
n=1
We see that By = 1 and Bz = 1 and all other coefficients B;, = 0.
Hence the general solution is

o0
u(lx,t)=1 +B§ t+cos(3mt)cos(3mx) + Z B;‘L sin (nmt) cos(nmx).
n=1

()
a) ulx,0)=Bo+Bjt+ ) (Bucos(nnt)+ B sin(nut))cos(nux)
n=1

RESULT

o0
b) u(x,t) =1+ By tcos(3mt)cos(3mx) + Z B sin(nmt)cos (nmnx).
n=1
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Problem 6.4
Consider the one-dimensional heat equation
Ur(x, ) = Uy (x,1),0sx<L

with boundary conditions
u@,t)=u(L,t)=0.

(a) Calculate the average temperature
1 L
- f u(x, t)dx
L Jo

for the initial condition
X
u(x,0) = sin(—) .
L
(b) Calculate the average temperature for the initial condition

L (TTX . [2nx
u(x,O):sm(T)+sm(T).

Derivation

Note: Relevant theory on p. 2

a) From the Lecture (pp. 4-5) we know that for an initial temperature profile u(x,0) expressed as a sum of

temperature waves each will decay exponentially with time as
e At
Hence, for the initial condition u(x,0) = sin(zx/L) the solution is
a2, . (XTC
ulx,t)=e Altsm(T).

Plugging this into the equation we get

b) Here, we get the solution

324 . (TTX _a2, . [21mx
ulx,t)=e Altsm(T)+e AZtsm( .

Plugging this into the equation we get

1 L X 2mx
—f eiﬁtsin(—)+e%§tsin(—) dx
LJo L

Ze—/l% t
a)
T
2
Ze—/ll t
b) .
/2

Partial Differential Equations

RESULT
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Lecture 7: The heat equation continued 24. Oktober 2025

Problem 7.1
Consider the one-dimensional heat equation
us(x, 1) = czuxx(x, N,0sx<L
subject to the boundary conditions
u,t)=u(L,t)=0
for all .

Let Ty be a constant and
To, 0<x<L
u(x,00=40, x=0
0, x=L.

This set-up can be used to describe the situation where a very thin, latterally insulated bar of constant tempera-
ture Ty is, at time ¢ = 0, thrown into a heat bath of zero temperature. Find the solution u(x, t).

Derivation

From the Lecture (p. 2) we have the general solution
nwTx
u(x,t Bpe” At sin .
(x, 1) = n; (5= . )

From the Lecture (p. 3) the coefficients B;, are determined as

2 L . (nTX
B, = Zfo (f) s1n(T) dx.

Substituting our variables we get

L
2Ty (L
=20 sin(ﬂ) dx
L Jo L
_ 2Tp(1 —cos(mrn))

nn

B, = gﬁLTosin(%) dx

Hence, the solution is

X 2Ty(1—cos(nn nax
u(x, ) = ZM ~Aqt n(%) RESULT
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Problem 7.2

Consider the one-dimensional heat equation

us(x, 1) = czuxx(x, N,0sx<L

subject to the boundary conditions

u0, =", ul,n)=T1

for all ¢.

Let Ty be a constant and

LDyt Ty, 0<x<L
u(x,0)=< 1, X=0
Tz, x=1L.

Find the solution u(x, t).

Derivation

From the Lecture (p. 2) we have the general solution

To—-T

u(x,r) =

with coefficients

2 L
iz, reo-

2 (L(-1 T:
Bn=— X+To—
L Jo L

Substituting, we get

nmx

= A2t o
x+T1+ ) Bpen sm(T)

n=1

L ; h xX— Tl)sin(%) dx.

2—T

_2 L(T—T oY i
_Lfo 0 1)SIH(L)

_ 2(Ty— T1) (1 —cos(mn))

mn

Which gives the solution

X— Tl)sin(g) dx

Th,-T

u(x,t) =

oo
x+Ti+ )
n=1

2(To—T1)(1—cos(mn)) _jz, .
e "ntsi
n

n

nmwx

L

)

Partial Differential Equations

RESULT
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Problem 7.3

Consider the steady heat flow on a thin plate in the xy-plane, 0 < x < 1,0 < y < 1, insulated from above/below,
governed by
uxx(x».)’) + Uyy(x, J’) = 0

Find the solution that corresponds to the boundary conditions

u(x,0)=0, u(x,1)=0, 0<x<1
u(0,y)=0, u(l,y)=0, O=sy=1.

Derivation

From the Lecture (p. 7) we have the general solution

X ... (hAx\ . (nmy
ux,y) = nZ::l (oM SIH(T)Smh(T)
where a = 1 is the length of the domain in the x direction. Hence,
(e
u(x,y)= ) C;sin(nnx)sinh(nmy).
n=1
We use the upper boundary condition and get
u(x,1)=0
= ) C; sin(nmnx)sinh(nx)
n=1
=C;=0

for all n.

The unique solution is therefore

ResuL
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Problem 7.4

Consider the steady heat flow on a thin plate in the xy-plane, 0 < x < 3,0 < y < 2, insulated from above/below,
governed by
uxx(x».)’) + Uyy(x, J’) = 0

Find the solution that corresponds to the boundary conditions

. 4nx
u(x,0) =0, u(x,2) ZZSIHT, 0<x<3

u(0,y) =0, u(3,y) =0, 0<y<2.

Derivation

Here, we have the general solution (p. 7)
X nmx nmy
u(x,y)=» C;sin|——|sinh|[—|.
,;1 n ( 3 ) ( 3 )
We use the upper boundary condition and get

. 8m
u(x,2) =2sin ?

by comparison, we see that

8 2
Cysinh—=2 = C; = ——.
3 smh?”
Hence, the solution is
. (4nx) . 4wy
u(x,y) = ——=—sin| —|sinh [ — RESULT
smh? 3 3
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Problem 7.5

Consider the steady heat flow on a thin plate in the xy-plane, 0 < x < 1,0 < y < 1, insulated from above/below,
governed by

Uxx (X, ¥) + Uyy(x,¥) = 0.

Find the solution that corresponds to the boundary conditions

u(x,0) =0, uy(x,1) =0, 0<x<1
u(0,y) =0, u(1,y) =0, 0<y=<l.

Derivation

See Problem 7.3.
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Lecture 8: Vibrating rectangular membranes and Double Fourier Sine Series 31. Oktober 2025

Problem 8.1

Consider the function

o [4my) . (37mx . [(4ry) .
f(x,y) =3sin e sin N +2sin e sin| —|, 0=sx=<2,0=<y=<3.

Find the Fourier coefficients of the double Fourier sine series of f(x, ).

Hint: Coefficients of double Fourier sine series are unique.

Derivation

From the Lecture (p. 2) the general representation of the double Fourier sine series of f(x, y) is

fx,y= i wlsm,nsin(m;lx)sin(ﬂby).

m=1n=

First of all we simplify the given function as

3 4 4
flx, )= 3sin(%) sin(% + 2sin(%) sin(%).

By comparison, we see that

S§34=3, S14=2, All other Fourier coefficients are 0 RESULT
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Problem 8.2

Consider the deflection u(x, f) of a vibrating elastic membrane in the xy-plane, 0 < x < 1,0 < y < 1, fixed along
its boundaries and governed by

ult(x!yr t) = C2 (uxx(ny’» t) + uyy(xryr t))

(a) Find the solution that corresponds to the initial conditions

u(x, y,0) = sin (67x) sin (27 y)
u[(x)yro) =0.

(b) Find the solution that corresponds to the initial conditions

u(x,y,0)=0
ur(x,y,0) = sin (67x) sin (27y).

(c) Find the solution that corresponds to the initial conditions

u(x, y,0) = sin (6x) sin (27 y)
ur(x,y,0) = sin (67x) sin (27y).

Hint: Coefficients of double Fourier dine series are unique.

Derivation

a) From the Lecture (p. 6) the general solution is

ux,y, )= Y > (Emncos(Amnt)+JImn sin(/lm,nt))sin(mnx

m=1n=1

Which, in this case simplifies to

u(x,y, 0= > (Emncos(Amnt)+ Jmnsin(Am,nt))sin(max)sin(nry).

m=1n=1
We now employ the initial elongation (p. 6) to get
u(x, y,0) = sin(6mx) sin(2mry)
[c o o}
= Z Z E,nsin(nnx) sin(mmy)
m=1n=1
— Egp=1.
Using the initial velocity we get

ut(x)yyo) =0

=Y Y (UmnAmncos(Amnt))sin(mmrx)sin(nry)
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From the Lecture (p. 5) we have that

m?  n?
/lm,n =Cr ? + ﬁ
To find 16,2 we simply use
62 22
A2 =cm T + I° cv40.

Hence, the solution is
u(x, y, t) = cos (cn \/Et) sin(67x) sin(2wy).
b) In this gave the initial elongation gives
u(x,y0=0—= E;;=0.
From the initial velocity, we get

u;(x,y,0) =sin(6mx) sin(2r y)

o0 o0
=) (Jm,nAm,n) sin(mmx) sin(nmy)
m=1n=1
= Jeole2=1
1
6,2 = .
v/ 40
Hence, the solution is
1
u(x,y,t) = sin|cnv40¢|sin(6rx)sin(2my).
¥ cmv40 ( ) Y

c) For this case we have in the above two parts found Eg» = 1 and Js2 = 1/(v40cm). Hence, the general

solution is

ulx,y,t) = (cos(\/ECﬂ 1+
40cm

sin(v40cn t)) sin(6mx) sin(2my).

a) ulx,yt)=cos (\/Ecn t) sin(67x) sin(2mwy)

b) ulx,yt) =

1
sin (\/Ecn t) sin (67 x) sin(2 y)
T

c) ulx,y, t):(cos(\/@cm‘)+\/£
cT

sin (\/Ecn t)) sin (67x)sin (27y).
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Problem 8.3

Consider the two-dimensional heat equation

ur(x,y, 1) = ¢ (uxx (X, y, ) + Uyy (x, 3, ).

(a) Assume u(x, y, t) = F(x, y)G(t) and derive a PDE for F(x, y) and an ODE for G(¢).

(b) Assume F(x, y) = H(x)Q(y) to finally derive three ODEs for H(x), Q(y) and G(%).

Derivation

a) Byinsertion, we obtain

F(x, )G (1) = ¢* (Fax (x, Y)G(1) + Fyy (x, ) G (1))
G'(1)  Fualx,))+Fyxy)

261 F(x,y) €
= Fyx(x, )+ Fyy(x,y) —coF(x,y) =0
G (1) — coc®G(1) =0.
b) Again, we insert and get
H'(x)Q() + Hx)Q"(y) —coH(x)Q(y) =0
1! I
H(x)  Q(y) fe=ol

Hx QW
= H'(x)-ciH(x)=0
Q") —(co—c1)Q(y) =0
G (1) — coc®G(1) = 0.

H'(x)-cH(x)=0
Q"(y») - (co—c)Q) =0 RESULT
G (1) — coc®G(1) = 0.
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Problem 8.4

Consider the PDE
ur(x, 3,2, 8) = ux(x, 5,2, 1) + uy(x, 3,2, 1) + Uz (X, , 2, 1).

Assume u(x, y, z, t) = H(x)Q(y) P(z) G(t) and derive 4 ODEs for H(x), Q(y), P(z), and G(?).

Derivation
We assume u(x, y, z,t) = A(x, y,2)G(t) and get

Alx,y, 2)G' (1) = A (x, 1,2)G() + Ay(x, y,2)G(1) + Az (x, y, 2) G(1)
G'(1) B Ax(X, 3,2) + Ay(x,y,2) + Az (X, ), 2) B
G(1) Ax, ¥, 2)
= G'(1) - cyG(1) = 0.

Co

Leaving us with

Ax(x,y,2) + Ay(x, ¥, 2) + Az(x, ¥, 2) — co A(x, ¥, 2) = 0.

Now we assume A(x, ¥, z) = B(x, y)P(z) and get

Bx(x,y)P(2) + By(x, y) P(2) + B(x, y)P’(z) —coB(x,y)P(2) =0
By (x,y)P(2) + By(x,y)P(2) = coB(x, y)P(2) — B(x, ) P'(2)

Bx(x,y)+ By(x,y) . P'(2) _

B(x,y) P(z)

= P'(2) - (co—c1)P(2) =0.

a1

Leaving us with

By (x,y)+ By(x,y) —c1B(x,y) =0.

Now we assume B(x, y) = H(x)Q(y) and get

H@Q+HX)Q () —ct HX)Q(y) =0
H'(x) _ o QW _
H(x) Q)
H'(x)—c,H(x)=0

Q'(y) = (c1 - c2)Q(y) =0.

C2

H'(x)—c;H(x) =0
QU -(c1-c2)Q( =0
P'(2) = (co—c1)P(2) =0

G'(t) - coG(1) = 0.

RESULT
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Lecture 9: D’Alembert’s solution of the one-dimensional wave equation 7. November 2025

Problem 9.1

Calculate the second derivatives of
ulx,t)=0(x+ct) +¥(x—-—ct)

with respect to ¢ and x and show that any function of this type is a solution to the one-dimensional wave
equation
st (%, 1) = Pl (X, 1)

for arbitrary twice differentiable functions ® and V.

Derivation

We start by calculating the second derivative with respect to ¢, remembering to use the chain rule as

Oou(x,t) d®(x+ct) . d¥(x—ct)
ot dt dt
_ dd(x+ct) d(x+ct) N d¥(x—ct) d(x—ct)
d(x+ct) dr d(x-cp) dr
:C(dCI>(x+ ct) d‘P(x—ct))

d(x+co) d(x—cp)
azu(x,t)_ d?2®(x+ct) d(x+ct) d*®(x—ct) d(x—ct)
0z (d(x+ct)2 dr  dx-cn? dr
o (d*D(x+ct)  d2¥(x—co)
- ( dx+ct? = dx—cr)? )

Now we calculate the second derivatives with respect to x and get

ou(x,t) 3 dd(x+ct) . d¥(x—cp)

0x dx dx
_ do(x+ct) d(x+ct) N d¥(x—ct) d(x—ct)
d(x+ct) dx d(x—ct) dx
B dd(x+ct) d¥Y(x-—ct)
" dx+cp B d(x—cp)
ulx,t)  d*®(x+ct)dx+cr) d*®(x—cr) d(x—co)
02 d(x+cn? dx  d(x—-cp? dx
B d?®(x+ct) d3¥(x-cb)
~ dx+cn? M d(x—cr)?

Since
%u(x, 1) 3 262u(x, 1)
02 ox2
d?®(x+cr) d*®(x—cr) L (d*d(x+ct)  d*P(x—co)
d(x+cr)? d(x—cp -¢ d(x+ct)? d(x—cr)?
is is shown.
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Problem 9.2
Consider the PDE
uxt(x; t) = 0
and the change of variables
v=v(x,t) =x+2t, w=w(x,t)=x-2t
1 1
x:x(v,w)zz(v+w), t:t(v,w):Z(v—w).

Derive the corresponding PDE for
u(v, w) = u(x(v, w), t(v, w)).

You may assume that % (v, w) is twice continuously differentiable, i.e. U, (v, W) = Uy, (v, ).

Derivation
From the Lecture (p. 2), we have that

Uxr (X, 1) = Uy (V(X, 1), w(x, 1)).
We take the first derivative in ¢, using the chain rule, and get

ﬁt(x) t) :ﬁy(l}, w) Ul‘(xy t) +ﬁw(v, w) wt(x» t)
=Uy(v,w) -2+ uy (v, w) - (-2)
=2 (U (v, w) Uy (v, w)).
We now take the derivative of this in x to get
Ut (%, 1) = 2 (Upy (U, W) Vx (X, ) + Ui (V, W) Wi (X, 1) = U (0, W) Ui (X, 1) = U (0, W) Wi (X, 1))

= z(ﬁvv(v; W) = Uy (v, w))

Now, we insert this into the original PDE:

uxt(x» t) =0
2 (ﬁl/l/(vy w) _ﬁww(v; w)) = 0

ﬁl)l}(v) w) _ﬁww(v; w) = 0-

Uyy(V, W) = U (v, w) =0 RESULT
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Problem 9.3
Calculate d’Alembert’s solution corresponding to the initial conditions
u(x,0) = kosin(37x), us(x,0)=3wkysin(37x), —oo<x<oo,

where kj is a constant.
Compare your result to that of Exercice 5, Lecture 5.

Hint: sin(a + ) =sinacosf+cosasinf, cos(a+ f) = cosacosf—sinasinf.

Derivation

From the Lecture (p. 6) d’Alembert’s solution to the one-dimensional wave equation is

1 1 x+ct
u(x,t)z—(f(x+ct)+f(x—ct))+—f g(s)ds
2 2¢ Jx—ct
with initial conditions
u(x,0) = f(x) = kosin(3mx), —00 <X <00
U (x,0) = g(x) =3mkpsin(37x), —00 <X < 00.
By insertion we get
1 X+ct
u(x, t) = 3 (kosin(3m(x + ct)) + ko sin(3m(x — ct))) + 2—[ 3mkysin(3ms)ds
x—ct

ko . . 3mky [*Fet .
= — (sin(3wx+3nct)) +sin(3nx—3nct)) + sin(3xws)ds
2 2¢ Jx—ct

k
= ?0 (sin(3mx) cos(3mct) + cos(3mx)sin(3mct) + sin(3mwx) cos(—3mct) + cos(3mx) sin(—3mct))

. 3nky 2sin(3mx)sin(3mct)
2c 3

ko . . ko . .
= ? (2sin(3mx) cos(3mct)) + 7 sin(3nx)sin(3xct)

k
= ko sin(37x) cos(3xct) + = sin(3mx)sin(3mct).
c

k
u(x, t) = kosin(3zwx) cos(3nct) + il sin(37x)sin(3mct) RESULT
c
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Lecture 10: Solutions of PDEs by Fourier methods 14. November 2025

Problem 10.1

Consider the one-dimensional heat equation and the Fourier transform of the solution #(w, t) = C (w)e’cz“’zt
derived in Section 7.1.

a) Use the modified initial condition
uy(x,0) = f(x).

to fint an expression relating C(w) to the Fourier transform of f.
b) How does expression (1) in Section 7.1 change under the situation described in a)?

c) Use the result from b) and arguments similar to those used in the derivation of (2) in Section 7.1 to derive
an expression for u(x, ¢) that does not contain the complex unit i.

Derivation

a) From the Lecture (p. 1), we have the general solution:
i(w, 1) = Clw)e .

Following the same procedure as in Section 7.1, we start by taking the Fourier transform of the modified
initial condition, ux(x,0) = f(x) as

F(ux(x, 1) = iwZF (u(x, 1)
F(f) = F(ux(x,0) = ioF (u(x,0))
1
F(u(x,0)= —ZF(f).
iw
Furthermore, we have that % (u(x,0)) = ii(w, t). Hence,
iw,1) = —F(f) = Clw)e !
iw
= F(u(x,0)) = C(w)
1
iw

Clw) = —ZF(f).
b) The solution is therefore
1 .
0,0 = — fe <",
iw

Now, to get an expression like expression (1) we must take the inverse Fourier transform. We use:

A~ oo .
flw) = —\/Z_f fwe " dv.
JT J—o0
and get
u(x, t) = Lfoo i(w, t)e™ dw
' \/27‘[ —00 '
_ 1 © L £ —2w’t jiwx
__\/E/—oo iwf(w)e e“"dw

1 foo 11
V2m J-co V21 i
i(wx—wv)

1 foo © 20.e
- (y)(/ e dw|dv.
V2or —oof —o00 iw

f fwe " dve " do
—00
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¢) Using the Euler formula
¢! = cos(a) + i sin(a)

we can rewrite our inner integrand as:

i(wx—wv)

2,2, € _2,2
cwt . =e ccwt
iw
:e_czwztcos(w(x—v)) tie _2e2 ¢ Sin(w (x— 1))
iw iw
=2f oC 2,2 Sin(w(x — v))
0 w

Hence,

u(x, t) = lf f(v)f ~cto? SO V) dwdv.
n w

1
a) Clw=—Z
110

s 2 el(wx—w v)

1 o0 o0
b) ulx,t)= —f (v)f e Y . dwdy RESULT
Nor f

lw

0 u(x,t):lf f(u)f i CICL ) W
T J- w
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Problem 10.2
Use the Fourier cosine transform to find the solution of
us(x, )= czuxx(x, 1, 0<sx<oo

subject to the initial condition
u(x,0)=f(x) 0<sx<oo

and the boundary condition
ux(0,2) =0.

You may exchange integration and differentiation whenever needed.

Derivation

Following the logic from the section on Fourier sine transforms (p. 3) we start by taking the cosine transform of
the heat equation and get

Folur(x, 1) = Fe (* uxx(x, 1)

= T (tyx (X, 1))

=c* (—wzﬂc(u(x, 1) - \/g ux (0, t))

= -’ Feo(ulx, 1)

= —czwzftc(w, 1)

aﬁ(;(w, ) _
or

2ic(w, 1).

—c*w
This has the general solution

fic(, 1) = Clw)e ",
From the initial condition we get

Fe(u(x,0) = Fc(f (%)

lc(w,0) = tc(f(w)
= C) = fc().

Hence,

e, 1) = fe@e ",

The Fourier cosine transform of f(x) is

. 2 oo
felw) = \/;fo f(p)cos(wp)dp.

dclw, t) = \/%f f(p)cos(wp) dpe_cz‘”zt.
0

To find the solution, all that is left is taking the inverse Fourier transform giving us:

u(x, t) = \/gfooo fc(w, t) cos(wx)dw

Hence,
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— \/zfm \/zfoof(p) cos(wp)dp efczwztcos(wx) dw
T Jo T Jo

:%f f F(p)cosp)e ! cos(wx) dp dw.
o Jo

2 [°° [ —2wlt
ulx, 1) = ;[ f f(p)cos(wp)e cos(wx)dpdw RESULT
0o Jo
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Lecture 11: Circular membrane, Fourier-Bessel series. 21. November 2025

Problem 11.1

Derive the expression

in@ 0 D
Uy (r,0,D) =1u,(r,0,0)cosOsin® —uy(r,0,D) 51.n > +Uep(r,0,d) £osTcos®
rsi

where (1,0, ®) are spherical coordinates as defined in Section 8.2.2.

Derivation

Spherical coordinates are defined in Section 8.2.2 as

z
r=y/x2+y%2+z%2, cos®P= ——-—-, tanf = 2.
Vx2+y?+ 22 x

From the Chain rule (p. 2) we have that
Ux(r,0,0) =U, (1,0, D)rx(x, y,2) + U (1,0, P)0x (%, ¥, 2) + U (1,0, P)D (X, y, 2).

Therefore, we must find the derivative of each coordinate with respect to x as

2124 2
F( ) 2) = 6—vx;xy+z
OVF+y +2 = i =cos®sinf
0x N
otan(0(x,y,2)
0x  cos20(x,,2)
otan(0(x,y,2) 0 y

0x T ox x
Yy

2
y sinf
x?2 rcos20sin®
sinf

rsin®

0x(x,y,2)

= 0x(x,y,2) =—

0cos®(x,y,z) .
————— = —sin®(x, ¥, 2)D«(x, , 2)

0x
0cosd(x,y,z) _i z
0x C0x /321 2+ 22

Xz

(x2+y2+ zz)%

cosfsin®cos®
B r
cosfcos¢
== ®x(xyyyz) =
By insertion we get:
— _ ) _ sinf  _ cosfcos®
Uy(r,0,®) =u(r,8,®) cos®sinf —ug(r,0,d) D +Uep(r,0,0) ——.

Hence, it is shown.
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Problem 11.2

Derive the expression

Uy(r,0,0) =u, (r,0,0)sindsin® + Uy (1,0, D)

cosf _ sinf cos®
. +u®(r,0’¢))
rsin®

where (1,0, @) are spherical coordinates as defined in Section 8.2.2.

Derivation

Following the same logic as in Problem 11.1 we take the derivatives in y this time as

OVX2+y*+2° _ y

3y \/m =sinfsin®
O0tanf(x,y, z) 1 1
oy ~ x  rcosfsin®
— 0. ) cos@
X,¥,2) =
yE Y rsin®
0cos®(x,y,z) _ vz sinfsin ® cos ®
= — 3 = —
dy X2+ 12+ 22° r
sinf cos®
= Oy(x,),2) = ————.
Inserting this, we get
_ _ _ cosf _ sinf cos®
uy(r,0,0) =u,(r,0,0)sinfsin® + uy (r,0,P) D +Uep(r,0, ) ——.

Hence, it is shown.
Problem 11.3

Show that Equations (1) and (2) are equivalent.

Derivation

Using the Laplacian, we rewrite (2), as

v2—1(0(r20)+ ! a(sin(®)6)+ ! 62)
“r2\or\’ ar/ sin®d® 0D )  sin?® 062

_ 2 (Zr 9 +r? o + (cos((l)) 0 + sin(®) o )+ ! o )
T2 \7 oar or?  sin® o 0P2 )  sin?® 062
# 20 1 4 1 0 1 0%

=—+-——+4—=—+—cot(®)— +
0r2 ror r2oo? rZCO()acD

Which is equivalent to the Laplacian of (1).

12 sin® ® 002"
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Problem 11.4

How does the general solution in Section 9.4 change if we are dealing with the two-dimensional heat equation
on a disk of radius R subject to the condition that the boundary curve is kept at zero temperature and the initial
temperature profile only depends on the distance from the centre of the disk.

Derivation

From the Lecture (p. 5) the general solution is

WO =Y (Amcosm®) + By sin(dmD) Jo (%’” r).

m=1

In this case, our ODE for G(¥) is changed to
G +12,G(1) =0, A= ckp= c%’”.

Which has solutions

m

a
G(6) = Apemt, A, = cky = .

Hence, the general solution is:

— s —A2 ¢ Am
ur,t)=) Ape m 0(—r) RESULT
m=1 R
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Lecture 12: Numerics for PDEs 28. November 2025

Problem 12.1

Find an approximation for uy(x, y).

Derivation

We have that uyy(x, y) = (uy(x, ))x. Using the approximation of partial derivatives from p. 3, we know that

u(x+h,y)—ulx—nh),y
2h

uy(x+h,y)—uy(x—h,y)
2h

ux+hy+h)-ux+hy-h)  ux-hy+h-ux-hy-h)
2h 2h

2h
: ux+hy+h—-ulx+hy-h—-ulx-—hy+h—ux—hy—-h)
- 4n? '

ux(x;_}/) =

(ux(x; J/))y =

uxy(x» y) =

ulx+hy+h)—ulx+hy—-h—-ux-hy+h—-ulx-hy-h)

Uxy(x,y) = 12

RESULT
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Problem 12.2
. h P . . y
Consider the Poisson equation Y w =100 + 2(12 — z)
xy(12-x)(12-y)
Uxx (X, ) + Uyy(x,y) = 4 4
16
and the situation depicted on the figure. Find the corresponding w = 100 R w = 100

system of difference equations for mesh size h = 4cm.

u =100

12

Derivation

From the Lecture (p. 3) the corresponding difference equation in mesh notation is

ijh*(12-ih)(12— jh)

Uitl,j+ U j+1 + Ui—1,j + Ui -1 — AU 5=

16
Our boundary mesh points are
Upo = 100, Ui = 100, Uo = 100, Uzog = 100,
Uo1 = 100, Uzl = 100, Up2 = 100, Uzp = 100,
Up3z = 100, us = 132, Uszp = 132, U3z = 100.

We remember that our difference equation for our unknown points are
ijh*(12-ih)(12- jh)
16 '

Wigl,j+ Ui je1 + Ui—1,j+ Ui jo1 — 4L ;=
Using this we start by finding the inner meshpoint u;; as

1-1-4412-4)(12-4)
16

U1+ U2+ Uy +Uro—4u) =

Up1+uy2+100+100—-4u;,; =1024

—4u1,1 +Uxy1tU2= 824.

Now we find the meshpoint uy; as

2-1-4*12-8)(12-4)
16

Uz 1+ Upp+ Uy +Uzg—4Up ) =

100 + Upo+ U+ 100-4u(2,1) =1024

—4u2v1 +Upp+ U1 = 824.

Now we find the meshpoint u; as

1-2-4*(12-4)(12-8)
16

Upo+ U3+ Up2+ Uy —4U =

Uz +132+100+ Ui —4u1,2 =1024

—4u1,2 +Uxo2tU = 792.
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Lastly, we find the meshpoint uy, as

2-2-4*(12-8)(12-8)

U+ Up3+ U+ Uy —4Up) = 16

100+ 132 + Ui+ Uz —4u2,2 =1024

—4up s +uyp+ Uz =792.

Hence,

—4u1,1 +Up1+Uip= 824
—41/!2'1 tUzp+ UL = 824
—4uyp+uUzp+ Uy =792

—4upy+uyp+ Uz =792.

Partial Differential Equations
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Problem 12.3

Consider the Laplace equation

Uxx (X, ) + Uyy(x, ) =0

Yy
u=100+z(9 —z)

u =100 R u=100+y(9 - y)
and the situation as depicted on the figure. Find the correspond-
ing system of difference equations for mesh size h = 3. = 100
T
9
Derivation
The corresponding difference equation is (p. 5)
Uirl,j+ Ui je1 + Ui-1,j+ Ujj-1 —4u; ;= 0.
Here, our boundary meshpoints are
Upo = 100, Uy = 100, Uoo = 100, Uzog = 100,
Up1 = 100, Uzl = 118, Up2 = 100, Uzp = 118,
up3 = 100, u;3 =118, up3 =118, usz = 100.
We now find meshpoint u;; as
Upy + uUjp + ugy + U9 —4u;; =0
Upy + U2 +100+100—-4u1; =0
—4uy1 + uy2 + up; = —200.
Moving on to meshpoint uy; we get
Uzl + Uz + Uy + Upg—4uUr1 =0
118+ upo + 111 +100—-4up; =0
Uyl —4uy + upp = —218.
For meshpoint u;» we get
Upo + Uiz + Ugp + U] —4U12 =0
Upo + 118+ 100+ 111 —4u12 =0
Uyl —4uyo + ux = —218.
And for meshpoint uy, we get
Usp + Upz + Ui + Uy — 44U =0
118+ 118+ 1o + up; —4urp =0
Ui + Uz —4upy = —236.
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Partial Differential Equations

—4uyy + Uy + up; = —-200
Uy —4uz + upp =218

Uyl —4up + upp = -218

Uy2 + Uz —4upy = —236.

RESULT
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Lecture 13: Neumann and Mixed Boundary Conditions. Irregular Boundary. 5. December 2025

Problem 13.1

. A; . . y
Consider the two-dimensional Laplace equation uy = 100 + (9 — )

9
Uxx (X, ¥) + Uyy(x, ) =0
on the region R with mixed boundary conditions as depicted w = 100 R u = 100
on the figure. Find the corresponding system of approximate
difference equations for mesh size i = 3.
u = 100
T
9
Derivation
The corresponding difference equation is (L. 12 p. 5):
Uirl,j+ Ui j+1+ Ui-1,j + Ui j—1 —4u;,; =0,

Our boundary meshpoints are

Upo = 100, Uy = 100, Uzo = 100, Uzog = 100,

Up1 = 100, Uz = 100, Up2 = 100, Uzp = 100,

up3 = 100, usz = 100.

The inner meshpoint Py, is found as

Upl + Ujp + ugy + uyg—4u;; =0
Uy + U2 +100+100—-4u; =0

—4uyy + up1 + uyp = —200.

Now, the inner meshpoint Py is found as

Uz + Uz + Uy + Upo —4up; =0
100+ up2 + 111 +100—4up; =0

Uy —4uoy + uo = —200.

Now Pj, is found as

Upo + Uiz + Ugp + Uy —4U12 =0
Upo + uz; +100+100—-4u;2 =0

Uyl —4uyo + ugp + usp = —200.

Now we find P, as

Usp + U3z + U2 + Upy —4Urp =0
100 + up3 + Uy + Uz —4uUrp =0

Up1 + Uy —4upo + upz = —100.
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Now we move on to the boundary point P;3, which we find as
Up3 + Uig + Ugz + U2 —4U13 =0
Upz + U4+ 100+ U2 —4u13=0

U2 —4uy3 + Uz + uy4 = —100.

To find an expression for u;4, we use the directional derivative as

ou Upg— U Upg— U
118 = 1, (Py3) = 13 e~ U2 Uig— Uiz

oy 2h 6

= U4 = U2 +708.
We insert this into the previous expression to get

U2 —4uy3 + ugz + ujp + 708 = -100

2uy2 —4uy3 + upz = —808.

Lastly we find the boundary point P,3 as

Uz + Upq + U3 + Upp —4Up3 =0
100 + upgq + Uy3 + Upp —4Ur3 =0

U3 + Uz —4uos + Uy = —100.

We, once again, use the directional derivative as

Oups Uy —Upp _ Ups—Upp

118 = Py3) =
Un (P23) 3y 7 5

Uog = U +708.
And by insertion we get

U3 + Uzo —4ups + Uxp +708 = -100

2U9o + Uiz —4ur3 = —808.

—4uy + Uy + 12 = —-200

Uy —4ugy + upp = —200

Uiy —4uyp + Uzp + uz; = —100
Uz + Uip —4Upo + Upz = —100
2Uy12 —4uy3 + Upz = —808

2Uoo + U3 —4up3 = —808.
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Problem 13.2

. _di . . . y
Consider the two-dimensional Poisson equation uy = 100 + (9 — )

Usx(X, )+ Uyy (X, Y) =x+y

on the region R with mixed boundary conditions as depicted w = 100 R uw = 100
on the figure. Find the corresponding system of approximate
solutions for mesh size h = 4,5.

u = 100
il
9

Derivation
We have the difference equation in mesh notation:

Uivl,j+ Ui j+1+Ui-1j+ Ui j—1 —4U;jj = hz(ih+jh).
The known boundary mesh points are

Up2 = 100, Uy = 100, Uzo = 100,
Up1 = 100, Uz = 100, Uz = 100.
Now, we find the inner meshpoint Py as
Uo1 + Uiz + Ugy + Urg —Aury = 4,52 (1-4,5+1-4,5)
100+ u12 + 1004+ 100 —-4uy; = 182,25
—4up + uypp =-117,75.

The boundary point Pj, is found as

Uy + Uiz + g + Uy —4uio = 4,57 (1-4,5+2-4,5)

100 + w13 + 100+ vy —4uyp = 273,375

Uyl —4uy + uy3 =73,375.
To find an expression for 1,3 we use the directional derivative as:
ou Uiz —u
120,25 = Uy (Pyp) = —2 ~ 211
oy 9
uy13 = upp +1082,25.
By insertion we get:
Uy —4ugs + upp +1082,25 =73,375
2uy1 —4uyp = -1008,875.
—4uy +upp =-117,75
RESULT

2u11 —4u12 =—-1008,875.
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Problem 13.3

Consider the two-dimensional Laplace equation y
Uxx(X,¥) + Uyy(x,y) =0

on the region R with boundary conditions as depicted on the
figure. Find the approximate solution for mesh size h = 1,5.

Derivation
We know the boundary values:
Ui = 1,5, Upg1 = 1,5, u(A) =1, u(B) =1.

We now approximate VZu(Pn) using a = b =0,5/1,5=1/3 in the formula from the Lecture (p. 5):

9 9 3 3
V2u(P11)  — | = u(A) + =u(B) + = u(Po1) + =u(Pig) — 6u(P
(P11) 1’52(4() 7 UB) + JulPor) + 2 u(Pro) (P11)
2 (9 9 3 3
=— |Z+>4+Z.15+=-1,5—-6uy|.
1,52\4 4 4 4

Hence, our difference equation is

V2u(Py1) =0
2 (9 9 3 3
—|=+=+>-1,5+>-1,5-6u;;|=0
1,524 4 4 4
6,75—6u11=0
u11:1,125.

up = 1,125 RESULT
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Problem 13.4

Consider the two-dimensional Poisson equation y
Usx(X, )+ Uyy (X, Y) =x+y

on the region R with boundary conditions as depicted on the
figure. Find the approximate solution for mesh size h = 1,5.

Derivation
In this case, we have the same boundary values:
Uio = 1,5, Up1 = 1,5, u(A) = 1, u(B) =1

and the same approximation of V2u(P;1) as above:

Vure ~ — (24243 0542 1 5-6u
11) ~ 1,52 47472 ’ 4 ’ 11]-
In this case, however, our difference equation becomes:
V2u(Py)=h+h
1,52
6,75—61/!11 =3 T

upn = 0,5625.

u1 = 0,5625 RESULT
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